We study compact star made of degenerate hidden sector nucleons which will be a candidate for cold dark matter. A hidden sector like QCD is considered, and as the low energy effective theory we take (hidden sector) SU (2) chiral sigma model including hidden sector vector meson. With the mean field approximation, we find that one can treat the equation of state (EOS) of our model analytically by introducing a variable which depends on the Fermi momentum. The EOS is specified by the two parameters C ′ σ ,C ′ ω , and we discuss how these parameters affect on the mass-radius relation for compact star as well as on the EOS. The dependence of the maximum stable mass of compact stars on the parameter C ′ σ will also be discussed.
Introduction
Recently many studies have been carried out on compact star made of dark matter [1] . A long time ago, compact stars made of ordinary matter, such as the neutron star, have been investigated with the Toleman-Oppenheimer-Volkoff (TOV) equations [2, 3] by which the structure of compact stars involving general relativity effects is described. Here we focus on compact star made of dark matter fermions [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16] . For dark matter fermions without any interaction (free dark matter fermions), the behavior of the compact star made of degenerate dark matter fermions with mass m f has been made clear. By taking the unit of length a and the unit of mass b,
the general character of the solution of the TOV equations is independent of the particle properties such as its mass m f and statistical weight γ [4, 6] .
In this paper, we study compact star made of degenerate dark matter fermions interacting with each other. Among many models predicting dark matter, we take the model similar to the one proposed in Ref [17] , in which the authors consider a hidden sector with a vector like confining gauge theory like QCD with N h,c = 3 colors and N h,f = 2 flavors. As the low energy effective theory of this model, we use (hidden sector) SU(2) L × SU(2) R chiral σ model [17, 18] including hidden sector vector meson fields ω h µ which obtain its mass dynamically [19] . This effective theory contains the hidden sector isodoublet ψ h = (p h , n h ),
which we shall call the hidden sector nucleon [17] . The lagrangian of this effective theory involves a 'small' term D · σ h which generates nonzero masses for the hidden sector pions π h . Owing to flavor symmetry of the hidden sector, the hidden sector nucleon ψ h and the lightest hidden sector pions π h are both stable, and they will be good candidates for cold dark matter [17] . Regarding the hidden sector nucleon ψ h = (p h , n h ) as dark matter fermions, we shall study characteristic features of the compact star made of degenerate hidden sector nucleons, which contains equal numbers of p h and n h (hidden sector isospin symmetric matter). The hidden sector isoscalar σ h will bring attractive interaction between the hidden sector nucleons, while the hidden sector vector meson ω h µ will bring repulsive interaction. To obtain the equation of state (EOS) for the interacting hidden sector nucleons, we use the mean field approximation. Here we assume that when one studies the features of compact star made of interacting hidden sector nucleons with the mean field approximation, the 'small' term D · σ h in the lagrangian does not play an important role.
By the way, before discussing EOS of the hidden sector isospin symmetric matter, let us recall EOS of ordinary nuclear matter [20, 21, 22] . Consider the system of nucleon, p and n, involving Yukawa couplings of nucleon to scalar meson field σ having mass term and vector meson field ω µ having mass term. The scalar meson field σ will bring attractive interaction between nucleons and the vector meson ω µ will bring repulsive interaction. With the mean field approximation, the pressure P can be related to the energy density ǫ (EOS) by one independent variable, the Fermi momentum k F . In general it is difficult to express ǫ or P in explicit analytic form of the Fermi momentum k F , because in the mean field approximation nucleon has effective mass, and it is hard to solve analytically a self-consistent equation for the effective mass. Now we return to the discussion of the hidden sector low energy effective theory, and consider the EOS for the interacting hidden sector nucleons with the mean field approximation. We find that in our using model the pressure P can be related to the energy density ǫ by one variable θ which depends on the Fermi momentum, and that P and ǫ can be expressed in explicit analytic form of the variable θ introduced. This fact enables us to study characteristic features of the EOS analytically. With this EOS which is determined by two parameters C ω and C σ , we solve the TOV equations and seek the relation between mass M and radius R of the compact star (M − R relation). It will be interesting to see how the obtained EOS affects on the M − R relation for the compact star. First, the obtained M − R relation for our model including the interaction between the hidden sector nucleons will be compared with that for the model of a free gas of the hidden sector nucleons whose EOS is well known. Next, to find the influence of the EOS on the M − R relation for the compact star, we vary the value of the dimensionless parameter C ′ σ (with fixed dimensionless parameter C ′ ω ) and examine its influence on the M − R relation as well as on the EOS. This paper is organized as follows. In Sec.II, the low energy effective theory we use is introduced, and the EOS for the interacting hidden sector nucleons with the mean field approximation is discussed. It is emphasized that obtained EOS is given in analytic form by use of the variable θ. In Sec.III, we will discuss characteristic features of the EOS analytically. In Sec.IV, we solve numerically the TOV equations with the EOS, and obtain mass M and radius R of compact star made of the interacting hidden sector nucleons. The influence of the EOS on the M − R relation for the compact star will be discussed. Conclusion is given in the last section.
The model and EOS
In this section we introduce the model and discuss the EOS with the mean field approximation. A free gas of the hidden sector nucleon is also treated for later discussion.
2.1
The model
In Ref [17] , the authors consider a hidden sector with a vector like confining gauge theory like QCD. For the case of N h,c = 3 colors and N h,f = 2 flavors, they treat (hidden sector) SU(2) L × SU(2) R chiral sigma model as the low energy effective theory, which contains the hidden sector isotriplet pions π h , the hidden sector isoscalar σ h , and the hidden sector isodoublet ψ h = (p h , n h ) called the hidden sector nucleon. Since the repulsive interaction between the hidden sector nucleons will be important, we also include the hidden sector vector meson ω h µ in the model. As the low energy effective theory of the hidden sector, we shall use the SU(2) L × SU(2) R chiral sigma model including the hidden sector vector meson fields ω h µ which obtain its mass dynamically [19, 23, 24] ,
where τ = (τ 1 , τ 2 , τ 3 ) are the Pauli matrices and
The term D · σ h in the lagrangian breaks the chiral symmetry explicitly and it gives the hidden sector pion field the small mass in the vacuum. Owing to flavor symmetry of the hidden sector, the hidden sector nucleon ψ h and the lightest hidden sector pions π h are both stable and they will be good candidates for cold dark matter [17] .
In this paper we study the features of compact star made of hidden sector nucleons for the system of degenerate hidden sector nucleons. To obtain field theoretical EOS model, we use the mean field approximation. We assume that when we study the features of compact star made of hidden sector nucleon using the mean field approximation, the small term D · σ h does not play an important role, and hereafter we neglect the term D · σ h in the lagrangian. When the term D · σ h is neglected, the vacuum expectation value of the hidden sector σ h becomes x 0 (> 0) [24] , and the particle masses of ψ h , σ h , and ω hµ are
respectively. The equation of motion for ω hµ in the mean field approximation is
where
n B is the hidden sector baryon density,
where k F is the Fermi momentum and γ being the statistical factor (γ = 4 for isospin doublet). The equation of morion for σ h in the mean field approximation is [23] 
and m * f ≡ y m f is the effective mass of the hidden sector nucleon. The total energy density ǫ and the pressure P are [23] 
Now we shall define the dimensionless parameters,
In terms of these dimensionless parameters, one has
The energy per hidden sector nucleon minus hidden sector nucleon mass is (ǫ/n B − m f ) and
EOS in terms of a parameter θ
Usually one often takes the dimensionless Fermi momentum k ′ F as the one independent variable in the three equations (13) , (14) , and (15) . By solving self-consistently the equation Eq.(13) for y, both ǫ ′ and P ′ are expressed by the use of the one independent variable k ′ F , thus one obtains the EOS within the mean field approximation. In this paper we shall use another technique. The equation of motion for σ h can be expressed as 0 = 1
We here introduce a variable θ defined by
which can also be written as θ = k F /m * f [16] . The equation of motion then has the form, 1
If we define a function f (θ) by the right-handed side of Eq.(19),
it has the following features. The equation f (θ) = 0 has a solution θ f (> 0) whose value is determoned by C ′ ω and C ′ σ , and f (θ) has the following property,
For a given value of k ′ F , the unknown quantity θ is obtained by solving the equation of motion, 1 k
where θ should satisfy 0 ≤ θ < θ f . Using this solution, one can calculate y by y = 1/ f (θ). ǫ ′ and P ′ are expressed in terms of θ,
thus the dimensionless total energy density ǫ ′ and dimensionless pressure P ′ can be expressed by only one variable θ (0 ≤ θ < θ f ), respectively. If the variable θ can be eliminated, one can obtain the (dimensionless) equation of state (EOS), which, apart from the statistical factor γ, is determined when the two dimensionless parameters C ′ σ and C ′ ω are given. The dimensionless hidden sector baryon number n ′ B is also expressed in terms of θ,
A free gas of hidden sector nucleon
In order to make the features of our EOS clear, it will be helpful to review the EOS of a free gas of fermion [5] . We consider a free gas of hidden sector nucleon (γ = 4) with mass m f whose dimensionless total energy density ǫ ′ ≡ ǫ/m 4 f and dimensionless pressure P ′ ≡ P/m 4 f are given by
In the nonrelativistic case k
F , and finds the well known relation,
At high densities k
F , and finds the well known relation, P
We finally consider the case when k
Then at k
Characteristic features of the EOS
In the preceding section, we have seen that the relation between the energy density ǫ ′ and the pressure P ′ can be expressed by the use of only one parameter θ. It should be pointed out that ǫ ′ and P ′ are represented by explicit functions of θ, respectively, so that we can study characteristic features of the EOS analytically. For the definiteness, we consider the case of C ′ σ > C ′ ω in this section and the next section. Eqs. (23) and (24) are written more symmetric form,
where we have defined g(θ),
which does not depend on C ′ σ . For any C ′ ω > 0 the g(θ) has the following properties,
is a monotone decreasing function of θ and satisfies g(θ) < 1.
For convenience we shall call the first term in a bracket of the right-handed side of Eq.(33) 'free term', and the second term 'interaction term'. Properly speaking, the first term in Eq.(33) involves interaction effects through y (because θ = k ′ F /y). In the same way we shall call the first term in a bracket of the right-handed side of Eq.(34) 'free term', and the second term 'interaction term'. Let us pay attention to the term
2 C ′ σ } in the interaction term of the dimensionless pressure P ′ . This term can take negative values or positive values according to g(θ),
In the limit θ → 0, g(θ) → 1 and this term has a negative value,
is a monotone decreasing function of θ, as θ becomes larger, the term
2 C ′ σ } in the pressure P ′ changes over from negative to positive. The changeover point of the sign of
2 C ′ σ } in the interaction term of P ′ will play an important role in making the EOS softer or stiffer, as will be discussed later. Note that when g(θ) = 0, we have f (θ) = 1 and both ǫ ′ and P ′ do not depend on C ′ σ at the point θ which satisfies g(θ) = 0. This point will be discussed in detail in section 4.
3.1
Nonrelativistic case, k
For a given value of k ′ F , the quantity θ is obtained by solving
In the nonrelativistic region, k ′ F ≪ 1, the θ becomes θ ≪ 1 and we have
hence y is less than 1, y = 1/ f (θ) < 1. ǫ ′ and P ′ in the nonrelativistic region become
In the leading order of θ, the interaction terms can be neglected and we find the relation
Therefore in the nonrelativistic limit, k ′ F → 0 (θ → 0), the EOS is the same as that of the free theory.
Next, we shall consider the contribution of the interaction term (C
Since the contribution of the interaction term to the free term in the pressure is much larger than that in the energy density, EOS becomes softer compared with the free theory. When |C ′ ω − C ′ σ | becomes larger, the EOS becomes softer. In the next leading order of θ (0 < θ ≪ 1),
We can say that at the neighborhood of a small parameter value θ, P ′ and ǫ ′ will be related by
At extremely high density, k ′ F → ∞, the chiral sigma model will not work since the chiral sigma model is one of the low energy effective theory of QCD. Although we should use the hidden QCD theory in such region, it will be interesting to study the model Eq.(3) at high densities, k ′ F ≫ 1 [19] . Note that in our model Eq.(3) the hidden vector meson mass is generated dynamically. For a given value of k ′ F , the unknown θ is obtained by solving 
which means that the effective mass of the hidden sector nucleon m * f → ∞ when n B → ∞. In other words chiral symmetry is not restored for asymptotic densities in the model Eq.(3) [19] .
We study EOS of our model at high densities k
Both the free term and the interaction term contribute the same order O(k ′4 F ), and consequently
for k 
If the interaction terms are negligible, we have
because of simply verified relation
Note that in a free gas model we know
′ can be shown to be positive with the help of the definition f (θ f ) = 0.
TOV equation and compact star
In this section we solve the TOV equations with the EOS numerically. The statistical weight is γ = 4 for isospin doublet and, as noted in section 3, we set C
and then C ′ ω becomes
With this value of C 
and both ǫ ′ and P ′ do not depend on C ′ σ at the point θ = 1. Thus we find that the EOS does not depend on C ′ σ at the point θ = 1. Further we shall examine whether the EOS of our model at θ = 1 is stiffer or softer than the EOS of a free gas model, because we can discuss well such a question analytically when θ = 1. In our model we have at θ = 1
and P ′ ǫ ′ ≈ 0.33333, (log 10 ǫ ′ , log 10 P ′ ) ≈ (−0.950, −1.427).
In a free gas model the value 0.1121358 of the energy density is obtained when k 
One has ∆P
hence
Now let us compare ǫ ′ and P ′ in our model Eq.(54) with those in a free gas model Eq.(56). Note that the first term of the r.h.s of ǫ ′ (P ′ ) in Eq. (54) is the same as that of ǫ ′ (P ′ ) in Eq.(56). In our model the same quantity (γ 2 /72π 4 ) C ′ ω is added to both the first term of the r.h.s of ǫ ′ and that of P ′ . On the other hand, in a free gas model ∆P ′ added to the first term of the r.h.s of P ′ is much smaller than ∆ǫ ′ added to the first term of the r.h.s of ǫ ′ . We thus see that the pressure at θ = 1 of our model is larger than that of a free gas model for the same energy density value, and conclude that the EOS of our model at θ = 1 is stiffer than that of a free gas model. This will be ensured later by numerical calculations of EOS.
Numerical calculations of EOS with C
We have set C In the nonrelativistic region k ′ F → 0 (small ǫ ′ region) the three EOS's are almost the same as the EOS of the free theory, and for k ′ F ≪ 1 all the three EOS's are softer than that of the free theory. As k ′ F grows bigger, each EOS of these becomes stiffer than the EOS of the free theory. At high densities k ′ F ≫ 1 (large ǫ ′ region) each EOS of these becomes P ′ /ǫ ′ ≈ constant and almost the same with the EOS of the free theory. This fact will be explained by the analytic expression of P ′ /ǫ ′ Eq.(48), i.e., its numerical values of the ratio P ′ /ǫ ′ at high densities (k Besides the above same features of the three cases, we will look closely at the differences between these three cases in the dimensionless energy density region 10 Fig.2 , we can see that the EOS's satisfying C ′ ω < C ′ σ are softer than the EOS of the free gas model, and that, when |C ′ ω − C ′ σ | becomes larger, the EOS becomes softer, which was already pointed out in section 3-1. In Fig.2 , one can also observe that in the range −2 log 10 ǫ ′ −1 the larger the value of C ′ σ is, the stiffer becomes the EOS. In order to see these differences more closely, we give Fig.3 which is the same with 
, and a free gas case (dash-dotted). For all the cases except a free gas case, 
Numerical calculations of TOV equations
The structure of compact stars (not rotating) with general relativity effects is described by the Tolman-Oppenheimer-Volkoff (TOV) equations [2, 3] ,
where P and ǫ denote the pressure and energy density, respectively, and M(r) is the contained energy in a volume of radius r. Giving the initial condition of ǫ at r = 0, ǫ(0) ≡ ǫ 0 by hand and requiring M(0) = 0 as the initial condition, one can solve the equations Eq.(59) and Eq.(60) with the central pressure P (0) obtained by EOS. The radius of compact star R is determined when the pressure P becomes zero at the surface of the compact star, P (R) = 0, and the total mass of the star is obtained by the value M(R). In the free fermion case, it has been recognized that the general character of the solution of the TOV equations is independent of the particle properties such as its mass m f and statistical weight γ [4, 6] . By taking the unit of length a and the unit of mass b as Eq. (1), one can transform the TOV equations to dimensionless form. In the interacting fermion case, it can be shown that the general character of the solution of the TOV equations for fixed statistical weight γ is independent of the fermion mass m f [5] . However, in general the solution of the TOV equations with the statistical weight γ can not be obtained by the use of the solution with different statistical weight γ ′ ( = γ) in the interacting fermion case. Following Ref. [5] , we shall transform the TOV equations into the dimensionless form. We introduce the dimensionless quantities for the mass and the radius of the star,
where M p is the Planck mass which is expressed by the gravitational constant G, M 2 p = G −1 . The TOV equations can be transformed into the dimensionless form [5] , is, the larger becomes the radius R ′ . In other words, near the center of the star the smaller the dimensionless Fermi momentum k ′ F is, the larger becomes the radius R ′ . For comparison, the numerical result of the free fermion case is also depicted by the dash-dotted line in Fig.4 . In the free fermion case, the dimensionless maximum mass of the star M ′ max = 0.272 is realized at the dimensionless radius R ′ min = 2.38. Since the EOS of the interacting fermion system is equal to that of the free fermion system in the limit k (b) For R ′ ≫ 1, the dimensionless mass M ′ of the interacting fermion system is smaller than that of the free fermion system. This is explained as follows. When the star has large radius R ′ ≫ 1, the dimensionless Fermi momentum satisfies k ′ F ≪ 1 near the center of the star, where the EOS of the interacting fermion system is softer than that of the free fermion system if C ′ ω < C ′ σ . One can also observe that for R ′ ≫ 1, the (absolute value of) slop of the graph M ′ = M ′ (R ′ ) of the interacting fermion system is smaller than that of of the free fermion system.
4.2.2
Influence of C is, the softer EOS becomes. One can also observe that for R ′ ≫ 1, the larger C ′ σ is, the smaller the (absolute value of) slop of the graph
, and a free gas case (dash-dotted). For all the cases except a free gas case,
The dimensionful mass of the star M and the dimensionful radius R are obtained by dimensionless mass M ′ and dimensionless radius R ′ from Eq.(61) [5] ,
where m f is the vacuum mass of the hidden sector nucleon.
Conclusion
We studied how the EOS influences compact star made of degenerate hidden sector nucleons. As the low energy effective theory of a hidden sector with a strong interaction like QCD, we have used a hidden sector SU(2) chiral σ model, in which the hidden sector vector meson ω h µ obtains its mass dynamically. The mean field approximation is used and the resultant dimensionless EOS is determined by two dimensionless parameters C ′ σ and C ′ ω . By introducing a variable θ which depends on the dimensionless Fermi momentum k ′ F = k F /m f , the dimensionless total energy density ǫ ′ and the dimensionless pressure P ′ can be expressed by only one variable θ, respectively. The great advantage is that ǫ ′ and P ′ are represented by explicit functions of this variable θ, respectively, thereby this enables one to study characteristic features of the EOS analytically. For example, with the parameter C Here we shall make two comments. The first comment is on the dimensionful mass M of the compact star. The dimensionful mass of the star M and the dimensionful radius R are obtained by dimensionless mass M ′ and dimensionless radius R ′ [5] ,
where m f is the vacuum mass of the hidden sector nucleon. Concerning Galactic searches of dark matter, gravitational microlensing surveys place strong upper limits on the number of compact objects in the Galaxy in the mass regime of (10 −7 − 30)M ⊙ [25] . If one assumes that all dark matter is in compact stars, the above limits will be severe. However, in our model the lightest hidden sector pions π h will also be a good candidate for cold dark matter, and π h will be able to exist outside the compact stars. The second comment is on the choice of the value of C ′ ω . In the numerical calculations we have fixed the parameter C ′ ω so as to be y = 1 when k ′ F takes a value 1, leading to the value
. Although we studied analytically characteristic features of the EOS and its affects on the compact star to a certain extent, our technique used seems to be useful for this specially fixed value C Our technique used in this paper will also be applicable to the case f (θ = 1/2) = 1 if we again assume that the system is homogeneous and a bound state of hidden sector nucleon does not appear. For example, one can show as section 4 that the EOS does not depend on C ′ σ at the point θ = 1/2, and that the EOS of our model at θ = 1/2 is stiffer than that of a free gas model. It might be interesting to consider other possibility of the number of the flavor N f such as N f = 3 with statistical weight γ = 6. As discussed in section 4, in the free gas model the general character of the solution of the TOV equations is independent of the particle properties such as its mass and statistical weight γ, so that one can obtain a solution of the TOV equations with γ = 6 by the use of a solution of the TOV equations with γ = 4. In the interacting model, however, it is impossible to obtain a solution of the the TOV equations with γ = 6 by the use of a solution of the TOV equations with γ = 4. It will be significant to do numerical calculations of the interacting model with the flavor number N f ≥ 3. The EOS is very similar to that of the free fermion.
(ii) When k ′ F = 1. The θ is θ = 1, and one has g(θ) = 0. We have C This represents two-body repulsive interaction case of Ref. [5] .
